Abstract. Kernel methods provide a way to apply a wide range of learning techniques to complex and structured data by shifting the representational problem from one of finding an embedding of the data to that of defining a positive semidefinite kernel. In this paper, we propose a novel kernel on unattributed graphs where the structure is characterized through the evolution of a continuous-time quantum walk. More precisely, given a pair of graphs, we create a derived structure whose degree of symmetry is maximum when the original graphs are isomorphic. With this new graph to hand, we compute the density operators of the quantum systems representing the evolutions of two suitably defined quantum walks. Finally, we define the kernel between the two original graphs as the quantum Jensen-Shannon divergence between these two density operators. The experimental evaluation shows the effectiveness of the proposed approach.
Introduction
Graph-based representations have become increasingly popular due to their ability to characterize in a natural way a large number of systems which are best described in terms of their structure. Concrete examples include the use of graphs to represent shapes [1], metabolic networks [2], protein structure [3] , and road maps [4] . Unfortunately, our ability to analyse this wealth of data is severely limited by the restrictions posed by standard pattern recognition techniques, which usually require the graphs to be first embedded into a vectorial space, a procedure which is far from being trivial. The reason for this is that there is no canonical ordering for the nodes in a graph and a correspondence order must be established before analysis can commence. Moreover, even if a correspondence order can be established, graphs do not necessarily map to vectors of fixed length, as the number of nodes and edges can vary.
Kernel methods [5] , whose best known example is furnished by support vector machines (SVMs) [6] , provide a neat way to shift the problem from that of finding an embedding to that of defining a positive semidefinite kernel, via the well-known kernel trick. In fact, once we define a positive semidefinite kernel k : X × X → R on a set X, then we know that there exists a map φ :
Thus, any algorithm that can be formulated in terms of scalar products of the φ(x)s can be applied to a set of data on which we have defined our kernel. As a consequence, we are now faced with the problem of defining a positive semidefinite kernel on graphs rather than computing an embedding. However, due to the rich expressiveness of graphs, also this task has proven to be difficult.
Many different graph kernels have been proposed in the literature [7] [8] [9] . Graph kernels are generally instances of the family of R-convolution kernels introduced by Haussler [10] . The fundamental idea is that of defining a kernel between two discrete objects by decomposing them and comparing some simpler substructures. For example, Gärtner et al. [7] propose to count the number of common random walks between two graphs, while Borgwardt and Kriegel [8] measure the similarity based on the shortest paths in the graphs. Shervashidze et al. [9] , on the other hand, count the number of graphlets, i.e. subgraphs with k nodes. Note that these kernels can be defined both on unattributed and attributed graphs, although we will restrict our analysis to the simpler case of unattributed graphs, while the more general case will be the focus of future work. Another interesting approach is that of Bai and Hancock [11] , where the authors investigate the possibility of defining a graph kernel based on the Jensen-Shannon kernel.
In this paper, we introduce a novel kernel on unattributed graphs where we probe the graph structure through the evolution of a continuous-time quantum walk [12, 13] . In particular, we are taking advantage of the fact that the interference effects introduced by the quantum walk seem to be enhanced by the presence of symmetrical motifs in the graph [14, 15] . To this end, we define a walk onto a new structure that is maximally symmetric when the original graphs are isomorphic. Finally, to define the kernel we make use of the quantum JensenShannon divergence, a measure which has recently been introduced as a means to compute the distance between quantum states [16, 17] .
The remainder of this paper is organized as follows: Section 2 provides an essential introduction to the basic terminology required to understand the proposed quantum mechanical framework. With these notions to hand, we introduce our graph kernel in Section 3. Section 4 illustrates the experimental results, while the conclusions are presented in Section 5.
Quantum Mechanical Background
Quantum walks are the quantum analogue of classical random walks [13] . In this paper we consider only continuous-time quantum walks, as first introduced by Farhi and Gutmann in [12] . Given a graph G = (V, E), the state space of the continuous-time quantum walk defined on G is the set of the vertices V of the graph. Unlike the classical case, where the evolution of the walk is governed by a stochastic matrix (i.e. a matrix whose columns sum to unity), in
